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We study the localization properties of electrons in incommensurate twisted bilayer graphene
for small angles, encompassing the narrow-band regime, by numerically exact means. Sub-ballistic
states are found within the narrow-band region around the magic angle. Such states are delocalized
in momentum-space and follow non-Poissonian level statistics, in contrast with their ballistic coun-
terparts found for close commensurate angles. Transport results corroborate this picture: for large
enough systems, the conductance decreases with system size for incommensurate angles within the
sub-ballistic regime. Our results show that incommensurability effects are of crucial importance in
the narrow-band regime. The incommensurate nature of a general twist angle must therefore be
taken into account for an accurate description of magic-angle twisted bilayer graphene.
Narrow-band electronic systems are natural platforms to
search for exotic physics. Otherwise modest perturba-
tions can here attain energies comparable to the band-
width, yielding a non-perturbative reorganization of the
eigenstates into phases of matter often very different from
their parent state. Recently, twisted bilayer graphene
(tBLG) has emerged as a paradigmatic system display-
ing this mechanism. When the twist angle between the
two graphene layers approaches the so-called magic an-
gle, θ ≈ 1.1◦, extremely narrow, nearly flat, bands appear
at low energies [1–6]. In this regime, superconductiv-
ity [7] and correlated insulating phases [8] were observed
around some commensurate electronic fillings, pointing
to relevant electron-electron interactions [9]. The similar-
ities with the cuprates [10] sparked redoubled interest in
these effects, which emerge here in a simpler, cleaner and
highly tunable system, where all ingredients can poten-
tially be easily isolated and understood. This triggered
intense interest in both theoretical [11–24] and experi-
mental [25–34] research.
Due to the high degree of sample-purity, models of
tBLG typically assume a Fermi gas with a flat-band dis-
persion as a starting point [11–13, 18, 20, 22–24, 35, 36].
This is a major difference with respect to the cuprates, as
disorder is intrinsic to doped Mott insulators [37] and has
even been observed to increase the critical temperature
[38]. Even if a comparatively small amount of disorder
would suffice to localize the flat-band states, the analyzed
tBLG samples seem to elude this regime.
Nonetheless, in Refs. [39, 40], localization has been the-
oretically predicted for the recently observed “dodecago-
nal graphene quasicrystal” [41, 42], a tBLG with θ = 30◦.
This phenomena is due to the quasiperiodic nature of
the bilayer system arising for incommensurate values of
θ. Incommensurability was also shown to induce quan-
tum phase transitions in some two-dimensional (2d) mod-
els [43], including in the so-called chiral limit of tBLG
for moderate twist angles (θ ' 9◦), yielding a criti-
cal “magic-angle semimetalic” state with a multifractal
momentum-space wave function. For more realistic mod-
els of tBLG, the proximity to commensurate angles, cor-
responding to small unit cells, has been shown to imprint
sharp conductance signatures [44]. However, for small
angles, θ . 3◦, these features seem to be washed away, in
accordance with the general belief underlying continuous
models [14].
Incommensurability can doubtlessly induce localiza-
tion [45–47] or multifractallity in 2d [43]. However,
at this point, it is not clear how the commensu-
rate/incommensurate nature of the tBLG structure af-
fects the properties of eigenstates for a realistic tBLG
model within the narrow-band regime. As in tBLG sev-
eral energy scales are comparable, understanding the role
played by incommensurability is essential to devise effec-
tive interacting models able to faithfully capture their
competition.
In this letter we address the effects of incommensu-
rability in the nature of the narrow-band states and on
the transport properties of tBLG, neglecting electron-
electron interactions. We employ a number of numeri-
cally exact methods to show that incommensurate angles
induce momentum-space delocalization of the narrow-
band states, whereas for commensurate angles eigen-
states are ballistic with a localized momentum-space
wave function. The presence of a sub-ballistic regime is
corroborated by finite-size scaling analysis of the conduc-
tance which decreases with larger system sizes for incom-
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FIG. 1. (a,b) DOS, ρ, and momentum-space inverse partici-
pation ratio, Ik, for incommensurate structures and variable
θ. Systems with NM = 48 moire´ patterns were used and an
average over Nc = 100 realizations was performed. The sys-
tem sizes range between N = 2 × 105 − 8 × 105 sites. (c,d)
Level spacing, rst, and Ik averaged over the energy window
between dashed line in (a), for different system sizes, going
up to more than N = 106 for NM = 81 and NM = 75. These
quantities were computed both for a set of commensurate an-
gles (variable m, r = 1, n = 7, 9) and incommensurate angles
(variable m, r = 9, 12, 15, n = 1). The vertical dashed lines
in (c) indicate the angles studied in the left and right columns
of Fig. 2.
mensurate structures, while saturating for commensurate
ones.
Model and Methods.— We study a realistic model of
tBLG with the tight-binding Hamiltonian
H = −t
∑
l,〈rl,A,rl,B〉
c†l,A(rl,A)cl,B(rl,B)
+
∑
|r1,α−r2,β |<Λ
t⊥(|r1,α − r2,β |)c†1,α(r1,α)c2,β(r2,β) + h.c.,
(1)
where the first term describes the nearest-neighbor in-
tralayer hopping of amplitude t, and l = 1, 2 is the
layer index. The second term models the interlayer hop-
ping, with rl,α the in-plane position in layer l and sub-
lattice α = A,B. The interlayer hopping t⊥(r) is pa-
rameterized in terms of Slater-Koster parameters used
in Refs. [49, 50]: r24t⊥(r) = d
2
⊥Vppσ(r4) + r
2Vpppi(r4)
where r4 =
√
d2⊥ + r2, Vppσ(r) = t⊥ exp[(d⊥ − r)/δ],
Vpppi(r) = −t exp[(d − r)/δ], d = 0.142 nm is the C-C
distance, d⊥ = 0.335 nm is the distance between layers
and δ = 0.184a, with a = 2.46 nm the monolayer lattice
FIG. 2. (a,b) DOS for incommensurate structures of differ-
ent sizes, for the angles marked in Fig. 1(c). The inset of
Fig. (b) shows a log-scale plot of ρ(E) for a wider energy
range. (c-f) Average r and Ik for a small energy window
around selected energies, depicted by the shaded areas in
Figs. (a,b), as a function of the linear system size L ∝ N1/2
(the largest systems correspond to N & 106, see [48]). Above
the shaded areas we show the plot markers used in the scal-
ing analysis below the plots of ρ(E) (in the same column).
The dotted and dashed lines in Figs. (c,d) correspond respec-
tively to Ik ∼ L−1, L−2. The insets of these figures contain
the quantity χk = −d log Ik/d logL. χk was computed by
fitting the data points (logL, log Ik), considering only points
with L ≥ Lmin. Complete information on the data used in
Figs. (a-f) can be found in table S1 in [48].
constant. We used t = 2.7 eV and t⊥ = 0.48 eV. For the
calculations presented hereafter, energy and length scales
are measured in units of t and a, respectively.
Interlayer hoppings were considered only among atoms
with in-plane distance r < Λ. For a small cutoff, Λ ∼ d,
the angle at which narrow bands occur, θft, is very sen-
sitive to relative translations of the layers. This effect
washes-away for larger Λ. To mitigate finite-size effects
we set Λ = 2.6d, above which our numerical results re-
mained unchanged. We also checked the effect of go-
ing beyond nearest-neighbor intralayer hoppings. We
tested models with intralayer hoppings up to third near-
est neighbors and observed that the results remained
qualitatively unaffected: the main difference was a shift
in the energy of the Dirac points and a slight change in
the narrow band angle θft.
A tBLG lattice with periodic boundary conditions can
be defined by the integers (m, r, n), where (m, r) are co-
3prime numbers that determine the commensurate twist
angle θ(m, r) [3], and n is the linear number of super-
cells in the system, i.e., the lattice contains n2 supercells.
The superlattice basis vectors, the commensurate twist
angle θ (m, r) [3] , and the number of moire´ pattern cells
NM (n, r) as a function of the integer tuples are given
in the supplemental material (SM) [48] for the reader’s
convenience. We approximate an infinite incommensu-
rate system with a twist angle θic by generating single
supercell lattices (n = 1) with values (m, r) such that
θ(m, r) ' θic. Finite-size scaling analysis is perfomed by
choosing a sequence of approximant structures charac-
terized by (mi, ri, n = 1), with i = 1, 2, ..., of increasing
supercell size, for which θ (mi, ri) approaches the desired
incommensurate angle θic with increasing accuracy (see
SM [48] for more details). It is worth noting that even
though an approximant structure may encompass many
moire´ pattern cells (for ri 6= 1), its unit cell coincides with
the size of the system. Commensurate structures are ob-
tained by taking n > 1. For commensurate systems, a
finite-size scaling analysis is performed by increasing n
with fixed (m, r). The main advantage of this method
is to eliminate boundary effects, present for open sys-
tems, by always considering closed (periodic or twisted)
boundary conditions.
To characterize the system’s eigenstates near the
narrow-band energies, we used Krylov-Schur exact di-
agonalization (ED) with shift-invert [51, 52]. To fur-
ther mitigate finite-size effects, we average all relevant
quantities with respect to a phase-twist we introduce in
the boundary conditions and to a random relative stack-
ing translation, δt, between the two layers. We approxi-
mate the density of states (DOS) by binning the energies,
ρ(Ei) = Ns(Ei)/ (∆EN), where Ns(Ei) is the number of
states inside the bin centered around energy Ei and width
∆E, and N is the total number of sites. We also study
the eigenstates’ momentum-space localization properties
through the momentum-space inverse participation ratio
(IPRk) [53],
Ik =
(∑
k,α
|Ψl,k,α|2
)−2∑
k,α
|Ψl,k,α|4, (2)
where Ψl,k,α is the eigenstate amplitude in layer l mo-
mentum k and sublattice α. We restrict our analysis
to the unrotated layer, l = 1, without loss of gener-
ality. For wavefunctions localized in momentum-space,
Ik ∼ L0, where L is the linear system size [54], whereas
a Ik ∼ L−ν , with ν > 0, indicates momentum-space
delocalization. We checked that the real-space inverse
participation ratio always scales with L−2, signaling no
real-space localization of the wavefunctions. Therefore,
Ik ∼ L−ν , with ν > 0, indicates the presence of sub-
ballistic states.
To complement the eigenstate’s analysis, we study
the statistics of the energy levels through the quan-
tity rst = 〈ri〉E∈Ew,Nc , where ri is defined as ri =
min(∆Ei,∆Ei+1)/max(∆Ei,∆Ei+1), with ∆Ei = Ei −
Ei−1 (for ordered levels Ei > Ei−1) and where the av-
erage, 〈...〉E∈Ew,Nc , is first performed over all the eigen-
values within an energy window Ew for each realization
and then over Nc realizations of boundary twists and
stacking shifts. The relevant known values [55] for the
quantity rst are: (i) r
Poisson
st ≈ 0.39 if the spacings follow
a Poisson distribution; (ii) rGUEst ≈ 0.6 for the Gaussian
unitary ensemble (GUE), when the Hamiltonian breaks
time-reversal symmetry. Case (i) applies when the wave-
function is localized in some basis: this includes ballis-
tic (momentum-space localized) or insulating (real-space
localized) states. Case (ii) applies when the wavefunc-
tion is delocalized in both momentum and real-space ba-
sis. Note that time-reversal symmetry is broken for each
configuration due to the usage of twisted boundary con-
ditions.
It is important to advert that the study of momentum-
space localization in finite systems requires closed bound-
ary conditions, which motivates the construction of ap-
proximant structures previously described. For open
boundaries, one-dimensional edge defects are created
that are sufficient to induce momentum-space delocal-
ization even for commensurate structures.
Finally, we analyze transport properties by comput-
ing the conductance, G. We considered two semi-infinite
stripes of single-layer graphene that overlap within a re-
gion of variable width and length, ∼ L. The graphene
leads are rendered metallic by doping (see SM [48] for
more details).
Commensurate vs. incommensurate.— We start
by providing a general picture on the differences be-
tween commensurate and incommensurate structures.
Fig. 1(a,b), depict the DOS and Ik of incommensurate
structures for different energies and angles with a fixed
number of moire´ pattern cells NM = 48. As expected,
a narrow-band occurs for the magic-angle θft ≈ 1.09◦,
close to the merging of two van-Hove singularities (VHS)
present at larger θ. Remarkably, Fig. 1(b) shows that Ik
becomes very small for energies within the narrow-band.
This is not observed for commensurate structures, as jus-
tified below.
Figs. 1(c,d) show rst and Ik averaged within the en-
ergy window represented by the horizontal dashed lines in
Fig. 1(a), both for incommensurate (r = 9, 12, 15; n = 1)
and commensurate (r = 1; n = 7, 9) structures. As ex-
pected for ballistic states, for commensurate angles, rst
follows Poisson statistics and Ik is independent of the
system size. Conversely, for incommensurate angles: (i)
rst raises above the Poisson value within a finite interval
of (incommensurate) angles, reaching a maximum value
for θ = θft; (ii) For the same interval of angles, Ik scales
down with system size, reaching a minimum for θ = θft.
Outside this regime, Ik becomes L-independent and ap-
proaches the value obtained for commensurate structures
4FIG. 3. Conductance and ED results for the enlarged inter-
layer coupling, t⊥ = 1.9 eV. (a,b) Finite-size scaling analysis
of the conductance for commensurate, θc, and incommensu-
rate, θic, angles near θ = 4.4
◦. Panel (a) is for E = 0.084,
inside the narrow band, while (b) is for E = 0.06, outside.
(c) DOS for θc and θic. Inset: log-scale plot for a wider
energy range. (d,e) Finite-size analysis of Ik and rst, av-
eraged on small energy windows [brown shaded areas in (c)
around E = 0.06 and E = 0.084, with widths ∆E = 10−2 and
2× 10−4] for θc, and θic (see table S1 in [48]). For E = 0.06,
the DOS is small and a larger energy window is used to in-
crease statistics. Plotmarkers are used in the scaling analysis
of (d,e). Dotted and dashed lines in (d) correspond respec-
tively to Ik ∼ L−1, L−2.
[Fig. 1(d)].
These results suggest that, as a function of θ, there is
a “collision” of energy bands around θft, with subsequent
band inversion. We confirm such phenomena when the
narrow band regime is tuned by changing the amplitude
of t⊥ (see [48]). It is plausible that the same happens
when changing θ (for fixed t⊥), but a similar analysis
is prevented within our setup by changes in system size
with θ. Within this picture, the narrow-band regime cor-
responds to the collision area where states from the two
bands become highly mixed (as seen by Ik) and their
energy levels repel (as seen by rst). Moreover, at least
a finite portion of the states inside the considered en-
ergy window have sub-ballistic properties within a finite
interval of angles that we now explore in more detail.
Sub-ballistic regime.— We now focus on the sub-
ballistic regime, providing an energy resolved and finite-
size scaling analysis. Figure 2 shows two angles chosen
in order to observe merged VHSs in 2(a), and a minimal
bandwidth in 2(b).
Figure 2(c,d) and 2(e,f) depict, respectively, Ik and rst
averaged over the shaded energy windows of Figs. 2(a,b).
The approximant series was chosen to ensure a monotonic
approach to the desired incommensurate angle upon in-
creasing system size (see [48]), and we ensure an overall
angle variation in the series below 10′′. States with dif-
ferent scaling behaviors arise at different energies. Typ-
ically, when ρ(E) is larger, the Ik is smaller and de-
creases faster with system size. The latter correlates
with a faster scaling of rst towards the GUE value. For
instance, for energies corresponding to the larger DOS
observed in Fig. 2(b), Ik reaches its smallest value, scal-
ing as Ik ∼ L−2, and rst converges very quickly with
L into the GUE value. For other energies within the
narrow-band, we generically have 0 < χk < 2, where
χk = −d log Ik/d logL, and rPoissonst < rst < rGUEst . Even
if there are considerable finite-size effects, as χk and rst
still seem to be increasing with L up to the sizes we can
reach (see Fig. 2), it is clear that states in this region are
sub-ballistic. These findings are further corroborated by
the transport results of the next section.
Outside the narrow-band region, states are ballistic
(rst = r
Poisson
st and Ik ∼ L0) even in regions with a highly
suppressed DOS. An example is given in Fig. 2(f) for the
states within the shaded area in the inset of Fig. 2(b).
Finally, for angles above and below the narrow-band
regime in Fig. 2, but still within the sub-ballistic range,
the results are less conclusive. States exhibiting non-
ballistic properties are also observed, but it is more chal-
lenging to infer the limiting behavior (see [48]).
Conductance.— In order to understand the conse-
quences of the sub-ballistic states in transport, we
computed the conductance, G, for energies within the
narrow-band. Unfortunately, for the parameters above,
finite-size effects are too severe to draw systematic con-
clusions (see SM [48]), as the largest systems attain-
able contain only NM ∼ 102 moire´ pattern cells. To
mitigate finite-size effects by increasing the number of
moire´ cells simulated, we increased the interlayer cou-
pling to t⊥ = 1.9 eV, a well-known procedure for shifting
the narrow-band regime to larger angles (θft ∼ 4.4◦, in
this case), with moire´ patterns with smaller period [1–
3]. Representative conductance results for t⊥ = 1.9 eV
are given in Figs. 3(a,b), together with an ED analysis
in Figs. 3(c-e). In Fig. 3(a), G(L) is computed for an
energy within the narrow-band. In the commensurate
case, G(L) converges with L as expected. Conversely,
it decreases with L in the incommensurate case, hint-
ing sub-ballistic transport. Note that for smaller L, the
conductance is very similar in both cases, showing that
large enough system sizes are crucial to observe incom-
mensurability effects in the conductance. On the other
hand, ED captures a sub-ballistic behavior even for the
smaller systems used: a small, L-decreasing Ik and GUE
statistics are observed in Figs. 3(d,e).
For energies outside the narrow-band, where the DOS
5is very small [see inset in Fig. 3(c)], the ED and con-
ductance results are very similar for commensurate and
incommensurate angles [Figs. 3(b,d)], suggesting that in-
commensurability effects become unimportant.
Discussion.— We studied the eigenstate localization
and transport properties of tBLG for commensurate and
incommensurate twist angles around the first magic an-
gle. For a finite interval of incommensurate angles, en-
compassing the narrow-band regime, eigenstate delocal-
ization in momentum-space is concomitant with non-
Poisson energy level statistics and with a decrease of the
conductance with system size. This is compatible with
sub-ballistic transport and contrasts with commensurate
angles, or with any angle away from the narrow-band re-
gion, where transport is ballistic. Moreover, the results
for the scaling of Ik with system size seem to indicate
diffusive behavior, although the results from conductance
scaling are unclear with the available system sizes. The
present results indicate that the scenario of a “magic an-
gle semimetal” with momentum-space delocalized wave
functions, proposed in Ref. [43] for a model of moderate
angle chiral tBLG, extends to realistic models of incom-
mensurate tBLG with twist angle close to the experimen-
tally relevant magic angle θ ≈ 1.1◦.
Our results have major implications for the low en-
ergy properties of tBLG as, in the narrow-band regime,
incommensurability alone is sufficient to break down a
Bloch wave description even for perfectly clean samples.
In particular, in perturbative analysis of the influence of
correlations, the parent state should account for the in-
commensurate nature of tBLG. Our findings may also
be relevant to the enhanced, linear temperature resistiv-
ity observed in tBLG at the magic angle [56, 57]. Even
though we restricted the study to small angle tBLG, we
anticipate that the present results also apply to other
systems with concomitant narrow-bands and incomensu-
rability: tBLG at large angles [58], double bilayers [59–
61], twisted bilayers of transition metal dichalcogenides
[62, 63].
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S1. FINITE-SIZE SCALING METHOD FOR
EXACT DIAGONALIZATION
As mentioned in the main text, in order to make a
finite-size scaling analysis with our method, we need to
slightly change the angle to work with incommensurate
structures only. Here, we discuss this procedure in more
detail.
We build structures characterized by the integers
(m, r, n) (m and r being two coprime integers), with twist
angles θ = θ(m, r) given by
cos θ =
3m2 + 3mr + r2/2
3m2 + 3mr + r2
, (S1)
number of sites N = N(m, r, n) and number of moire´
patterns, NM = NM (n, r):
NM =
{
n2r2 , mod (r, 3) 6= 0
n2r2/3 ,mod(r, 3) = 0
. (S2)
Our finite-size scaling procedure satisfies, for a set of
N consecutive structure sizes, labelled by i = 1, ...,N
and characterized by (mi, ri, ni) with θi = θ(mi, ri) and
Ni = N(mi, ri, ni), such that:
• Every structure only contains one supercell (ni =
1);
• Ni+1 > Ni, with N the total system size (number
of sites);
• |θi+1 − θi|/|θi − θi−1| < 1;
• |θ2 − θ1| ∼ 10−5rad.
In order to guarantee that the system’s properties are
not significantly affected by differences in the angles
used for structures in the finite-size scaling analysis,
we ensure that the variation in θ is sufficiently small.
We give an example of a possible set of structures in
Fig. S1. In Fig. S1(a), we plot all the commensurate
structures that can be generated for the range of an-
gles θ ∈ [1.084◦, 1.095◦] and r ≤ 21. The different angles
for a fixed r were obtained by varying m. Out of these,
we chose the angles marked with horizontal lines for the
finite-size scaling analysis. With this choice, we can in-
crease the system size [Fig. S1(b)], and decrease the re-
quired change in θ at the same time. The structures in
this example were used in the main text, in Fig. 2(d–f).
The full variation in θ is below 10′′ (see Table S1).
i=1
i=2
i=3
i=4
i=5
FIG. S1. (a) Full set of commensurate structures that can
be generated for the range of angles θ ∈ [1.084◦, 1.095◦] and
r ≤ 21. The horizontal lines indicate a possible choice of a set
of structures to make a finite-size scaling analysis. (b) Total
system size N (number of sites) for the choice of structures
in (a).
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S2. COMPLEMENTARY INFORMATION ON
EXACT DIAGONALIZATION RESULTS
In Fig. 1 of the main text, we plotted Ik and rst aver-
aged over a fixed energy window containing the narrow-
band. Here we instead follow one of the VHS (the one
of larger energy), averaging over a small energy window
δE around it. For the angle corresponding to the nar-
rower band, δE(θft) = 2.5 × 10−5. For other angles,
δE(θ) = δE(θft)∆E(θ)/∆E(θft), where ∆E(θ) is the
narrow-band’s width for an angle θ. This accounts for
the broadening of the DOS around the VHS when the
narrow-band becomes wider. The results are in Fig. S2,
where we can see that rst(θ) and Ik(θ) become more
peaked around θ = θft than in Fig. 1 of the main text, as
expected.
FIG. S2. Analogous of Fig. 1 of the main text. Panels (a,b)
are the same as in Fig. 1 (reproduced here for clarity), while
the results of panels (c,d) were instead obtained by following
the VHS with higher energy. rst and Ik were averaged in a
small energy around it. For different angles, we rescaled the
energy window used for averaging proportionally to the width
of the narrow-band, as described in the text.
In Fig. 2 of the main text, we analyzed sets of incom-
mensurate angles for which the bandwidth becomes very
narrow. In Fig. S3 we show a similar analysis for an-
gles slightly above and below this regime. Note that
even though sub-ballistic behavior (|∂ log Ik/∂ logL| > 0
and rst > r
Poisson
st ) is generically observed, the large-L
limiting behavior is not always clear. For instance, in
Fig. S3(f), we see that even though rst > r
Poisson
st , it is not
conclusive whether rst will converge to r
GUE
st or r
Poisson
st
(or some intermediate value) upon increasing L.
We finish this section by providing detailed informa-
rst rst
FIG. S3. (a,b) DOS for incommensurate structures of dif-
ferent sizes, for angles slightly below (a) and above (b) the
narrow-band regime. (c-f) Average r and Ik for a small en-
ergy window around selected energies, depicted by the shaded
areas in Figs. (a,b), as a function of the linear system size
L ∝ N1/2 (the largest systems correspond to N & 106).
Above the shaded areas we show the plot markers used in
the scaling analysis below the plots of ρ(E) (in the same col-
umn). Complete information on the data used in Figs. (a-f)
can be found in table S1.
tion on the data used in the plots of Fig. 2 and Fig. 3 of
the main text and Fig. S3. Table S1 (S2) details the pa-
rameters used for calculations presented in Fig. 2 of the
main text and Fig. S3 [Fig. 3(a-c) of the main text].
S3. BAND INVERSION
Fig. 1(a) of the main text raises the question on
whether there is a band inversion as a function of θ.
To answer that, we can, similarly to Ref. [64], define
projectors in both bands for a larger angle and project
them into new states obtained upon decreasing the an-
gle. The results evaluate the subspace with which the
new states have the larger overlap. However, to use this
method, the system sizes for different angles should be
fixed. This is not achievable with our method of building
the system.
An alternative way of observing the same angle-driven
physics is by varying the interlayer coupling. Increasing
the interlayer coupling for an angle above the narrow-
band regime leads to similar results as decreasing the
angle. The advantage is that the system size can be made
fixed in the former.
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(m, r) θ(≈) N NM Nc
Fig. 2(a,c,e)
(274,9) 1.0690 310 276 27 200
(365,12) 1.0699 550 612 48 100
(457,15) 1.0682 863 116 75 50
(547,18) 1.0709 1 236 652 108 25
(638,21) 1.0712 1 682 356 147 25
Fig. 2(b,d,f)
(269,9) 1.0885 299 236 27 200
(359,12) 1.0875 532 948 48 100
(449,15) 1.0869 833 644 75 50
(539,18) 1.0865 1 201 324 108 25
(629,21) 1.0862 1 635 988 147 25
Fig. S3(a,c,e)
(280,9) 1.0464 323 788 27 200
(373,12) 1.0474 574 612 48 100
(466,15) 1.0479 896 884 75 50
(559,18) 1.0483 1 290 604 108 25
(652,21) 1.0485 1 755 772 147 25
Fig. S3(b,d,f)
(262,9) 1.1171 284 116 27 200
(349,12) 1.1182 504 148 48 100
(436,15) 1.1188 786 844 75 50
(523,18) 1.1192 1 132 204 108 25
(610,21) 1.1195 1 540 228 147 25
TABLE S1. Complete information on data used in Fig. 2 of
the main text and Fig. S3. In the first column we only indicate
(m, r) because n = 1 (all structures are incommensurate). θ is
the twist angle, N is the total number of sites in the system,
NM is the number of moire´ patterns in the system and Nc
is the total number of realizations (including averages over
random twisted boundary conditions and shifts δt). Each
row corresponds to a point in Figs. 2(d,f) and Figs. S3(d,f).
Note that in Fig. 2(a) and Fig. S3(a), the DOS is plotted for
the three smallest system sizes used (first three rows in the
corresponding section of the table).
(m, r, n) θ(≈) N NM Nc
Fig. 3(a-c),com.
(7,1,25)
4.4085
422 500 625 35
(7,1,30) 608 400 900 24
(7,1,35) 828 100 1225 18
(7,1,40) 1 081 600 1600 13
Fig. 3(a-c),incom.
(190,27,1) 4.3868 165 892 243 102
(232,33,1) 4.3907 247 372 363 68
(274,39,1) 4.3934 345 076 507 49
(316,45,1) 4.3954 459 004 675 36
(358,51,1) 4.3970 589 156 867 28
(400,57,1) 4.3982 735 532 1083 23
(442,63,1) 4.3992 898 132 1323 18
TABLE S2. Complete information on data used in Figs. 3(a-c)
of the main text, for the data points corresponding to com-
mensurate and incommensurate structures. Each row corre-
sponds to a point in Figs. 3(b,c). Note that in Fig. 3(a), the
DOS is plotted for the smallest commensurate and incommen-
surate system size used (first row in the corresponding section
of the table). See table S1 for description of the parameters.
We generalize the interlayer coupling t⊥(r) of the main
text, defining a parameter V as
t⊥(V, r) = V
(
d2⊥
d2⊥ + r2
Vppσ
(√
d2⊥ + r2
)
+
r2
d2⊥ + r2
Vpppi
(√
d2⊥ + r2
))
.
(S3)
We vary V for a fixed commensurate (incommensu-
rate) angle θ ≈ 1.2972◦ (θ ≈ 1.2930◦) corresponding to
the structure (m, r) = (25, 1) [(m, r) = (301, 12)]. For
V = 1 we define the projector into the lowest and high-
est energy bands, respectively B+ and B− as
P±(V = 1) =
∑
v∈B±
|v〉 〈v| , (S4)
where {|v〉} is the set of eigenstates obtained through
exact diagonalization.
We then vary V and for each eigenstate |v(V,E)〉 in
the energy window of interest we define the quantity
C = 〈v(V,E)| [P+(V = 1)− P−(V = 1)] |v(V,E)〉 (S5)
which should be C = 1 if |v(V,E)〉 belongs to B+, C = −1
if it belongs to B− and C = 0 if it is orthogonal to both.
The results are in Fig. S4 for fixed configurations in the
commensurate and incommensurate cases. In both cases,
the results suggest that a band inversion occurs when
the narrow-band regime is reached. The higher (lower)
energy states for larger V (or equivalently, smaller θ)
have a larger projection in B− (B+).
Nm=49, θ ≈ 1.2972°
(m,r)=(25,1)
Nm=48, θ ≈ 1.2930°
(m,r)=(301,12)
FIG. S4. Quantity C defined in Eq. S5 for every eigenstate
within the energy window E ∈ [0, 0.02], for variable V . The
results were obtained for a fixed random twist and stacking,
for the commensurate (incommensurate) structures (m, r) =
(25, 1) [(m, r) = (301, 12)]. The system sizes were chosen to
contain Nm = 48 (Nm = 49) moire´ patterns.
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S4. TECHNICAL DETAILS ON THE
COMPUTATION OF Ik
(L1)
FIG. S5. Example structure (m, r, n) = (5, 3, 8). The arrows
correspond to 8v1 and 8v2, where v1,v2 are the superlat-
tice vectors of the supercell defined by (m, r) = (5, 3). In
darker blue we represent the smaller rhombus selected in the
unrotated layer (layer 1) for which we apply a Fast Fourier
Transform in order to compute Ik.
We made use of the Fast Fourier Transform (FFT)
method to compute the wavefunction in the momentum-
space. We do this only for the unrotated layer (layer 1):
there is no “preferred” layer in our model and therefore
the wavefunction is similar in both.
We cut a rhombus of linear size L ∝ N1/2 along the
directions of the lattice vectors of the honeycomb lattice.
L sets the momentum-space resolution for computing Ik.
In the main text, we always use the definition of L given
here, for consistency. The total number of sites N is
slightly larger than 4L2. Nonetheless, L can be seen as
the total linear system size for all the discussions in the
main text.
After cutting the smaller rhombus, we apply the FFT
to the real-space wavefunction in that rhombus and fi-
nally compute Ik using the resulting momentum-space
wavefunction.
An example of this procedure is in Fig. S5 for a struc-
ture with (m, r, n) = (5, 3, 8). We notice that the ratio
between the rhombus size and total system size becomes
larger when we use structures with mod (r, 3) = 0. For
this reason we use structures of this type in the main
text, but the obtained results are also valid for incom-
mensurate structures with mod (r, 3) 6= 0.
S5. TECHNICAL DETAILS ON
CONDUCTANCE CALCULATIONS AND
ADDITIONAL RESULTS
𝑊
Side view
FIG. S6. Two-terminal conductance setup used in this work.
The scattering region, in black, is tBLG of parallelogram
shape. The leads are semi-infinite finite-width graphene rib-
bons. The side-view of the setup depicts that the tBLG region
is connected to the leads through the bottom layer.
Conductance calculations were perfomed for the sys-
tem depicted in Fig. S6: a parallelogramical tBLG scat-
tering region, with a side of W and a base of L, with semi-
infinite monolayer graphene leads attached to the bottom
layer of the tBLG. In order to avoid the overlap in energy
of the leads Dirac points (with a vanishing DOS) with the
tBLG narrow-bands, we considered doped leads, with the
left(right) lead shifted in energy by positive(negative) on-
site potentials of 0.15t, with respect to the tBLG region.
The conductance, at zero temperature and in the linear
regime, was computed within the Landauer approach.
The conductance per width is given by G = G0T () /W ,
where G0 = 2e
2/h is the conductance quantum and T ()
is the transmission at energy . The transmission was
computed using the Kwant package [65]. The structures
simulated have a width of W = 1200a, where a is the
lattice constant of graphene, and contain from 0.8× 106
up to 6.2×106 carbon atoms for increasing lengths, L, of
the tBLG region. For each system size, G was averaged
over 25 different stackings in tBLG region, where the cen-
ter of rotation of the top layer is shifted with respect to
the bottom layer along the vectors δt = xa1 + ya2, with
x, y ∈ {0, 1/4, 2/4, 3/4, 1} and a1/2 the primitive vectors
of the top layer.
For the realistic tight binding model considered in the
main text, where t⊥ = 0.48 eV, we computed G for
both commensurate and incommensurate angles in the
narrow-band regime, obtaining very similar results (see
Fig. S7). Furthermore, G(L) increases with L up to the
maximal system size we were able to simulate. Note that
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FIG. S7. Conductance results for t⊥ = 0.48eV in the narrow-
band regime, for two close commensurate and incommensu-
rate angles.
for ballistic transport we expect an L-independent con-
ductance, whereas G(L) ∝ L−1 for diffusion. Therefore,
an increasing G(L) with L implies that finite size effects
are too severe to draw any conclusions. Such finite-size
effects are not surprising as even the largest systems sim-
ulated contain only NM ∼ 102 moire´ pattern cells.
To reduce finite-size effects, we considered a model
with an increased interlayer coupling of t⊥ = 1.9 eV. For
this increased interlayer hopping, the narrow-bands oc-
cur for θft ∼ 4.4◦. Thus, the maximum size numerically
attainable will include significantly more moire´ pattern
cells and finite-size effects are reduced. For this modified
model, the number of moire´ pattern cells in the scat-
tering region ranges from & 2.8 × 103, for the smallest
system size, up to & 2.1 × 104, for the largest system
size simulated. G(L) was again computed for two close
commensurate and incommensurate angles in the new
narrow-band regime, θft ∼ 4.4◦, with the results shown
in Fig. 3(a,b) of the main text.
To complement the conductance results in the main
text, we show in Fig. S8 the conductance as a function of
energy for additional commensurate and incommensurate
twist angles close to the narrow-band regime, together
with an ED analysis. With the ED analysis (first three
rows) we show that similarly to the case of a smaller t⊥,
different scaling behaviours can be observed for differ-
ent energies within the narrow-band regime. In the last
row, we show the conductance as a function of energy
for a fixed large system size and for commensurate and
incommensurate angles close to the ones used in the ED
analysis. We see that the conductance is smaller for an
incommensurate angle in comparison with a nearby com-
mensurate angle around energies for which the Ik scales
faster with system size and rst is closer to rGUE. For
such energies, the conductance for incommensurate an-
gles is expected to decrease even more if larger systems
are considered.
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FIG. S8. (a-d) DOS for commensurate (full red squares) and incommensurate (full blue circles) structures around the narrow-
band regime. For each column, we present results for two close commensurate and incommensurate angles. NM, Nc, and N
are respectively the number of moire´ pattern cells, configurations and total number of sites in the system. (e-l) We make a
finite-size scaling analysis for a set of incommensurate angles close to the angles depicted in (a-d), and plot the average Ik
[panels (e-h)] and rst [panels (i-l)] below the respective figure in the first row [panels (a-d)]. The average is taken over a small
energy window around some selected energies, depicted by the dashed lines in panels. (a-d). Above these dashed lines we show
the plotmarkers used in the corresponding scaling analysis in panels (e-l). Note that the scalings in each column are relative to
the upper row figure in the same column. (m-o) Conductance, G(e2/h), as a function of energy for the commensurate angles
used in the upper panels and for incommensurate angles close to them. The system sizes were fixed to L = 3000. To simulate
the incommensurate angles, structures with a unit cell much larger than the system size were considered. The DOS for the
commensurate angles is also shown in gray [for the incommensurate angles, the results are very similar, as shown in panels
(a,b,d)].
